12.3 Tangent to a Curve

A line tangent to a curve is the line that passes
through the point and that has a slope that is the
same as the slope of the curve at that point.
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*Let A and B be two points near each other on the
curve and let the coordinates of A be (x, f(x)).
Suppose the x-coordinate of B differs from the x-
coordinate of A by a small amount, h. Then the
coordinates of B are (x + h, f(x + h))

*What is the slope of the line?

faeh)=f(x) _Sm)=1() o
x+h—x h

*Suppose A remains fixed while B moves a long the
curve toward A. Then the value of h will become
smaller, approaching zero. Thus, h can be considered
as a variable that approaches zero as B approaches A.
If B is made to coincide with A, then the secant line
becomes tangent to the curve at point A.
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Find the slope of a line tangent to

y=2x2=3x+1
lim f(x+h)ff(x) m=dx—3
h—0 h

 2(x+h) =3(x+h)+1- (227 = 3x+1)
lim

h—0 h

2(X +2xh+ B )=3x=3h+1-2x" +3x -1
lim
h—0 h

. 2x +4xh+2h —3h—2x* . 4xh+2h*—3h
lim =lim—————
h—0 h h—0 h

= lim(4x+2h—3): 4x -3

h—0

*The first derivative (f’(x)) of a function tells you the
slope of all lines tangent to the function and is
defined as:
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Find the equation of the line tangent to the graph at
the indicated point:
y=x2+x-1at(-4,11)
lim f(x+ h)ff(x) y=mx+b
h—>0 h 11 =—7(—4)+b
(x+h) +(x+h)—1=(x+x-1)  11=28+b
im ~17=b

h—0 h
y==-Tx-17

. X+ 2xh+ R +x+h-1-x"—x+1
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Find the equation of the line tangent to the graph at
the indicated point:

Find the derivative of the function
f(x) =8x2+2x—4 at x = 2.

limif(ijh)if(x)

h—>0 h

_ 8(x+h) +2(x+h)—4—(8x" +2x-4)
iy ,

h—> h

i 8x? +16xh+8h* +2x+2h—4—-8x* —2x +4

o0 i

i 16+ 817 + 21 f'(2)=16(2)+2
m— f'(2)=34

h—0 h

1lim (16x + 8k +2)= (16x +2)

h—0

4
y=—at@ ) ot 41
X (4) 16 4
i S(x+n)=f(x)
im———
0 y=mx+b
4 4 dx—4x—4h 1:_1(4)4_1,
- x+h x . x(x+h) 4
lim - =lim——2 1=—1+b
h—0 h h—0 h
ah 1 2=b
lim——— — 1
/H“x(x+h) h y=——x+2
. -4 4 4
Im——— =~
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Derivatives

Who uses this?
Quantitative Analyst
Financial Engineer
Fund Accountant

Engineering Researcher

*The derivative of a function f(x) is another function
f’(x), that gives the slope of the tangent line to the

function at any point.

vy SR — f(x)
J'(x)=lim p

The process of finding the derivative is called

differentiation.
(this is one of the main parts of Calculus)

Another common notation for
. d
Si@yis <y
dx
This notation emphasizes that the derivative is a limit of slope,

which is a change in y divided by a change in x.




Ex1
Find an expression for the slope of the tangent line to
the graph of y = 2x2 — 3x + 4 at any point.

m=y'=4x-3

* Find the slopes of the tangent lines when x =-1 and
X =5.

Y(-1)=4(-1)-3=-7  y'(5)=4(5)-3=17

Rules:
1. Constant:
f(x) = constant
f'(x)=0

2. Power: if f(x) = x" (n is a rational #)
then f’(x) = nx" 1

3. Product of Constant & Power:
f(x) = cx"
then f’(x) = cnx -1

EX 3: f(x) = 4x2
f '(vc) =8x
4. Sum & Difference:
if f(x) = g(x) +/- h(x)
then f'(x)=g’(x) +/- h’(x)

EX4: f(x)=x3+5x*+6
f'(x)=3x2 +10x+0=3x"+10x

5. Product:

d(uv)
dx
which are written in terms of x.

d(uv) vedu N usdv
dx dx dx

duv What does this mean? )
v uey! Derivative of the first factor times the
dx second factor plus the first factor
times the derivative of the second
factor.

means the derivative of u times v both

Ex5 u=x"+3 u'=2x
v=2x-7 v'=2

of(x) = (x2 + 3)(2x—7)

f'(x)=(2x)(2.x‘—7)+(.\’1 +3)(2)

f'(x)=4x" -14x+2x* +6

" _ 2

f (x)—6x —14x+6 I 4 =1
f(x)=(x + 1)(x2 - 2x) y=x>-2x v'=2x-2

x)=(1) (.x‘z —2_\‘) +(x+1)(2x-2)
):x2—2x+2xz+2x—2x—2
"(x)=3x272x72

6. Quotient: d (uj vedu uedy

v)__dx dx
dx v?
dlf[ u‘~viu~v'
v v
W= X X
\/:74\ EX6f(X)=;

(1)(x=1)—(x)(1) _x—l-x -1

f'(x): (.x‘—l)2 (.\'71): ()C—l)2




2x*+3

EXT: f(x)=
f(X) 5x3 —X
£ =) (52 ) *(2""i+3)(15x271)
(5){"‘ *X)_
u=2x"+3 v=5x"—x
u'=4x s

£(x)=

(7x2 —l)x3

EXS: =
U 3x+2x

(35x4 —3x2)(3x2 + 2.x‘) *(7»\”2 *f)f (6x+2)
(3.\'3 + Zx):

U= (7.\‘3 —l),\‘j’ v=3x>+2x
w'=14x(x)+(7x° -1)(3x*) v =6x42

u'=35x"-3x7

7. Power of a Polynomial (The Chain Rule):

dlu"

( ) — nun—l d_u
dx dx

£(0)=()

f'(.vc) = n(u)” L

EX 9: f(x)=(3x — 4)3

f(x)=3(3x-4)"(3)
f(x)=9(3x—4)’

Ex10 f(x)= (3x3 —7)c)(2)c4 +5)z

u=3x"-"Tx \f:(Zf-&-S)J
w'=9x"=7  y'=2(2x'+5) &’

£1(x)=(95* =7) (20" +5) 4 (32" 7 )162° (24 +5)

U () =X -1

f(x) = (x2 —1)5

(=1 1) 2x)

x* u=x’ u'=2x

f(x¥)=—"— .
Ex12 ’ (x*+1) v:(.x‘z-&-l)' V'=3(x2+1)22x

2x (.\'3 + 1) —,\”36x(x2 +1)2

/(%) —
(.x" +l)
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